What's the asymptotic null distribution of a rank-based serial autocorrelation test applied to residuals of an estimated GARCH model? What's the limiting distribution of estimated ACD parameters applied to the residuals of some first-stage modelling procedure? This paper addresses the often occurring situation in econometrics of applying standard statistics to residuals instead of innovations. The paper provides a simple and unified way of calculating the necessary adjustment in the limiting distribution, be it of tests or estimators. On the technical side, we also provide a novel approach to this problem using Le Cam's theory of convergence of experiments (in this paper restricted to Gaussian shift experiments). The resulting formula is simple and the regularity conditions required fairly minimal. Numerous examples show the strength and wide applicability of our approach.
Introduction
Residual-based tests represent an important area in econometrics generally used for diagnostic checking of a proposed statistical model. Such tests mainly fall into three categories that examine assumptions regarding the distribution, dependence, and/or heterogeneity of the innovation process. These tests are covered in many econometrics and statistics textbooks and represent the focus of ongoing research
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. A large class of residual-based tests and some recent references are revisited in Section 4. Similarly, residual-based estimators (often referred to as two-stage estimators) are widely applied in econometric work. Usually, the asymptotic distribution of residual-based statistics (tests or estimators) is derived on a case-by-case basis, using a particular econometric model and some stringent assumptions about the statistic and/or the first-stage estimators used. These assumptions may include smoothness (e.g., pointwise differentiability) of the statistic with respect to the data that is often not satisfied or cannot be evaluated. Our approach derives the asymptotic distribution of such statistics in a context that does not involve stringent conditions on the test statistic or estimator and is not model specific.
The paper offers a novel approach to the above problem based on Le Cam's third lemma applied to Locally Asymptotically Normal (LAN) models. The proposed method owns the following advantages: (i) It is based on the unifying and coherent framework of Le Cam's theory. ( ii) It offers a simple yet general method for deriving the asymptotic distribution of different test statistics and estimators using the same techniques instead of alternative statistical theory methods. (iii) The method is applicable to both cross-sectional and time series models as long as they satisfy the LAN condition. (iv) It covers some existing residual-based tests (both classical and recent) which are derived for more general dynamic models (such as residual-based dependence tests) and presents some new results, e.g., in the area of rank-based tests for temporal dependence or heterogeneity in location and scale time series models. The main theorem (Theorem 2.1) of the paper shows that under the LAN condition and the appropriate asymptotic normality condition for the statistic of interest, the residual-based statistic is asymptotically normally distributed with a variance that is a simple function of the variance of the innovation statistic 2 and the estimator as well as the covariances of the innovation-based statistic with the central sequence and the estimator. Besides the wide applicability of this theorem, it also provides insights in the general structure of the problem by indicating precisely when the asymptotic variance of the residual-based static equals that of the innovation-based one, exceeds it, or is smaller (which, contrary to widespread believe, often happens as well). Moreover, the theorem can be used directly to assess the local power of residual-based tests.
Based on Theorem 2.1, we address a number of applications for residual-based statistics that cover tests from all three categories of assumptions of model innovations -distributional, dependence, and heterogeneity. It is shown how our method can be used as an alternative, simple technique to reach the same asymptotic distribution of some residual based tests in the (classical and recent) literature and as a method for providing new results on the asymptotic distribution of residual-based tests such as rank-statistics for serial dependence or structural breaks, that are often quite complicated to evaluate using existing methods. The paper presents the following three categories of examples as applications of Theorem 2.1 for a large family of both location and scale time series models that satisfy the LAN condition (such as ARMA and GARCH models). The first category deals with temporal dependence tests such as linear correlation residual tests (e.g., the Ljung and Box, 1978, test) and second-order correlation tests (e.g., the McLeod and Li, 1983, test) and rank-based residual correlation tests (see Hallin and Werker, 1999, for an overview) . For a scale model we obtain the result for residual squared correlation tests as recently derived in Berkes, Horváth, and Kokoszka (2003) for a more specific GARCH model. The asymptotic results for rank-based serial dependence tests are new in the econometric literature. The second class of tests revisits goodness-of-fit statistics based on the empirical distribution function. Applying our main result, we find for the residualbased tests in location and scale time series models an asymptotic distribution which is that originally in Durbin (1973) and recently extended, for instance, in Bai (2003) . The last category of tests considers structural break CUSUM tests based on the ranks of the residuals and shows that these tests are asymptotically distribution free for both location and scale time series models, a new complementary result found for the case of regression models in Sen (1984) and for other empirical distribution function statistics (Horvath et al., 2001 , Koul, 2002 in the literature. As a final introductory remark, note that we do not apply bootstrap techniques (which may or may not have superior finite sample behavior, depending on the model at hand) or some transformation in order to obtain distribution free statistics, such as Khmaladze's (1981) martingale transformation in the context of empirical distribution function based tests (see for instance, Koul and Stute, 1999, or Bai, 2003) .
The rest of the paper is organized as follows. In Section 2 we formulate the basic idea for deriving the limiting distribution of a statistic when applied to some model's residuals. This section also introduces the running AR(1) example that we use to illustrate the results. As we indicate, a technical complication arises when making this idea rigorous. Section 3 deals with this complication by discretizing the estimator of the model's parameters and we provide a formal proof of the limiting distribution of the residual-based statistic, for a discretization that becomes finer and finer. Section 4 gives many other applications to illustrate that our approach is easily adapted to other models, other statistics, and other first-stage estimators. Section 5 concludes.
Main result: Intuition
The goal of the present paper is to give a widely applicable method to derive the asymptotic distribution of statistics, when applied to residuals of some parametric model. As mentioned in the introduction, this problem occurs in many specific applications (Section 4 discusses several of these). Generally, size-adjustments in tests have been based on smoothness arguments of the test-statistic as a function of the underlying variables. While this approach works for many interesting situations, it is much more difficult to apply in situations such as rank and/or sign-based statistics, due to the inherent non-smoothness of these kinds of statistics. We propose an approach that does not require any analytical (e.g., differentiablility) smoothness of the statistic. Nor do we require any asymptotic linearity of the statistics. However, we do require that the underlying model is "regular" in the appropriate Local Asymptotic Normality sense and we resort to discretized estimators (see Section 3).
Our results are derived in the Hájek and Le Cam theory of Locally Asymptotically Normal (LAN) models. "Most" of the common models in econometrics and statistics are LAN. The LAN property has been considered in regression models by, e.g., Bickel (1982) and Fabian and Hannan (1982) . Autoregressive models are LAN as shown by Kreiss (1987a) , as well as ARMA models that are discussed in Kreiss (1987b) . Non-linear regression and autoregression models are LAN for regression functions that are smooth in the parameters as is shown in Drost, Klaassen, and Werker (1997) . ARCH-type models were shown to satisfy the LAN condition by Linton (1993) and GARCH was treated in detail by . Duration models like the Autoregressive Conditional Duration model of Engle and Russell (1998) are discussed in Drost and Werker (2003) . Two final references are Bickel et al. (1993) that discusses other classes of LAN models with iid observations and Taniguchi and Kakizawa (2000) that discusses several more general time-series models. Applications of our results to the above time series models are given in Section 4. It is illustrative to mention also some models where the LAN condition is not satisfied. Two common phenomena may lead to non-LAN behavior: non-stationary data and non-smooth functional dependence. To start with the first, models for nonstationary (and possibly cointegrated) processes are generally not LAN. In a series of papers this situation is discussed, Jegannathan (1995 Jegannathan ( , 1997 Jegannathan ( , 1999 , and quadratic likelihood approximations as in the LAN condition are derived. However, the limiting distribution of the so-called central sequence is no longer normal in these models. The situation of non-smooth functional dependence of a regression function, for instance, occurs in Threshold AutoRegressive models. In such models, the regression function is of the form m(x) = m 1 (x)I{x ≤ x 0 } + m 2 (x)I{x > x 0 }. The fact that this regres-sion function is not-differentiable with respect to the threshold parameter x 0 leads to a situation where the limiting experiment is not Gaussian as in the LAN case, but of a compound Poisson type. Inference for the threshold parameter is discussed in, e.g., Qian (1998) and Hansen (2000) . While these latter two cases present models that are not LAN, the idea of our approach is likely to carry over to these situations since Le Cam's third lemma, on which our results are based, is not restricted to the LAN situation. However, the details are sufficiently different from the LAN case to warrant discussion elsewhere.
Before we introduce the LAN assumption, let us formalize the statistical model we are interested in. Let E
is a sequence of measurable spaces and, for each n and θ ∈ Θ, IP (n) θ a probability measure on X (n) , A (n) . We assume throughout this paper that pertinent asymptotics in this sequence of experiments takes place at the usual √ n rate, although other rates can be adopted at the cost of adapted notation only. Let θ 0 denote a fixed value of the parameter of interest θ and let θ n and θ n denote sequences local (sometimes called contiguous)
for the log-likelihood of
, we mean the RadonNikodym derivative of the absolute continuous part in the Lebesgue decomposition of IP (n) θ n with respect to IP (n) θn (see Strasser, 1985 , Definition 1.3). We impose throughout the present paper a somewhat stronger condition than LAN. This version is usually referred to as Uniform Local Asymptotic Normality (ULAN) and is generally indispensable for the construction of efficient inference procedures. Although not all papers cited above discuss this uniform version, it is satisfied in all these models. As a matter of fact, the authors of the present paper are not aware of any non-trivial statistical model which is LAN but not ULAN.
Condition (ULAN): The sequence of experiments E (n)
is Uniformly Locally Asymptotically Normal (ULAN) in the sense that there exists a sequence of random variables ∆ (n) (θ) (the central sequence) such that for all sequences θ n and θ n local to θ 0 , we have
where, as before,
(θ n ) is asymptotically normally distributed with zero mean and variance Cam and Yang, 1990) . As a result, the o I P (1)-terms in the above definition converge in probability to zero both under IP
In order to illustrate our results, we consider the well-known example of testing for residual autocorrelation in ARMA models. For expository simplicity, we focus here on the AR(1) model, whereas the widely applied residual serial autocorrelation test of Ljung and Box (1978) is examined in Section 4. The final result is, of course, well-known and can be found in, e.g., Brockwell and Davis (1991) . However, the derivation is novel and easily extended to many other models and statistics as shown in Section 4.
Example 2.1 Let the time-series (Y t ) follow a stationary and invertible AR(1) model, i.e.,
where θ ∈ (−1, 1) and (ε t ) is a sequence of i.i.d. random variables from a distribution with density f with expectation zero and finite variance σ 2 ε . Kreiss (1987b)'s Theorem 3.1 shows that the ARMA model satisfies the LAN condition if the innovation density f is absolutely continuous (with respect to Lebesgue measure) with finite Fisher information for location, i.e., I l := (f /f ) 2 f < ∞. Some weak conditions on the starting values are needed as well, but that need not concern us here. For the AR(1) model the central sequence is given by
with Fisher information
For notational convenience we consider the stationary solution to the AR(1) equation. The repercussions for the LAN condition are detailed in Koul and Schick (1997) . 2 6 The interest of the present paper lies in the asymptotic behavior of (test) statistics applied to residuals in some model, calculated using a given estimatorθ n for the parameter θ. We define the localized version of this estimator asδ n = √ n(θ n − θ 0 ).
We are also given a test statistic of interest that depends on the unknown parameter θ, say T n (θ). In the above example T n (θ) could be the l-th order autocorrelation of residuals ε t (θ) = Y t − θY t−1 . We assume that we know the asymptotic behavior of the test statistic T n (θ) under IP (n) θ . Our goal is to derive the limiting distribution of the statistic when applied to the estimatorθ n , i.e., the limiting distribution of T n (θ n ) under IP (n) θ . In order to achieve this goal, we impose a second and last condition.
Condition (AN):
Consider a sequence θ n local to θ 0 . The test statistic T n (θ n ), the central sequence ∆ (n) (θ n ), and the estimation error
, as n → ∞ and as δ n → δ, more precisely,
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Remark 2.2 Note that in the above condition, the distribution of Z does not depend on the sequence (δ n ). This is to say that the estimator being used is regular in the sense of Bickel et al. (1993) , Page 18. This regularity also implies that the asymptotic covariance between the estimator and the central sequence is the k ×k identity matrix I k .
Example 2.2 In our AR(1) example, we may estimate θ using the standard least squares estimatorθ n . It is well-known that this estimator satisfies the asymptotic linear representation
as n → ∞, under the imposed conditions on the AR(1) model, i.e., Γ = 1 − θ 2 . In this example, we are interested in testing for serial correlation in the residuals of the AR(1) model. Based on the true innovations ε t (θ), the standard l-th order autocorrelation test statistic satisfies
In order to verify Condition (AN), the following moment results for the stationary distribution of the AR(1) process are needed: 
Observe that none of the covariance terms in this limiting distribution depends on the actual innovation density f . 2
We may now state the main result of the paper in an informal way. The statement will be made precise in the next section, that also presents a formal proof. For a better understanding of the result, we provide here an intuitive "proof". Note that we study the behavior of the residual statistic T n (θ n ) under local alternatives θ n of the parameter value θ 0 .
Theorem 2.1 Under the Conditions (ULAN) and (AN) and in a way that will be made precise in the next section, we have for the residual statistic
where I k denotes the k × k identity matrix. From Condition (AN), we have for all
while, as a consequence of Le Cam's third lemma (see, e.g., Le Cam and Yang, 1990 , Proposition 3.1.1), the same vector converges under IP
The quantity of interest now can be written as, for t ∈ IR,
where Φ denotes the cumulative distribution function of the standard normal distribution and we used the result that, conditionally on Z = z, T has a N (α
Remark 2.3 In the above derivation, the convergence of the conditional distribution IP
is the most delicate part, since the convergence takes place in the conditioning event as well. A formalization of such a convergence would require conditions under which a conditional probability, or, for that matter, a conditional expectation, is continuous with respect to the conditioning event. This question has been studied in the literature, by introducing various topologies on the space of conditioning σ-fields. A good reference is the paper by Cotter (1986) that compares some topologies. From our point of interest, Cotter (1986) essentially shows that the required continuity property only holds for discrete probability distributions. Indeed, we solve the problem by discretizing the estimatorθ n appropriately. See Section 3 for details.
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If we think of the canonical examples given in the introduction, T n (θ) represents a test statistic for distributional or dynamic properties of some innovations in the model, while T n (θ) denotes the same statistic applied to estimated residuals in the model. Theorem 2.1 shows that replacing innovations by residuals may leave the asymptotic variance of the test-statistic unchanged, increase it, or decrease it, depending on the value of (α − Γc)
α. Several special cases may occur, that we discuss now.
First, if c = 0, the residual-based statistic has the same asymptotic variance as the statistic based on the true innovations. In particular, no adaptation is necessary in critical values in order to guarantee the appropriate asymptotic size of the test when applied to estimated residuals. Recall that c = 0 implies that the test statistic and the central sequence of the model are asymptotically independent. As a result, the distribution of the test statistic is invariant to local changes in the parameter θ. In particular, the asymptotic distribution of T n (θ 0 ) is the same under all probability distributions IP (n) θn , whatever the local parameter sequence θ n . As estimated parameter valuesθ also differ from θ 0 in the order of magnitude of √ n, this property consequently carries over to the residual-based statistic. As we will see, this situation occurs, for example, when applying the McLeod and Li (1983) test for correlation in squared residuals from least-squares estimation of ARMA or regression models (Example 4.2) or when estimating a general scale model on such residuals. One may feel that these two examples provide in fact manifestations of the same phenomenon, but, as we will see, the arguments in both cases are actually quite different. A second special case occurs if α = Γc. For instance, if the estimator used is efficient we have
F c, and, consequently, α = Γc and α
However, we will see below that this situation also occurs, for instance, when applying the Ljung and Box (1978) test to least-squares residuals in an ARMA or regression model, also when the actual underlying distribution of the innovations is not Gaussian and the least-squares estimator consequently is not parametrically efficient. In case α = Γc, the limiting variance of the residual-based statistic is smaller than the limiting variance of the statistic applied to the true innovations.
Finally, it might be that α = 0. In that case the limiting variance of the residual statistic becomes τ
. This is the case where the test statistic T n (θ) is asymptotically independent from the estimatorθ n and a test based on estimated 10 residuals always has a larger asymptotic variance than the same test applied to the actual innovations, unless c = 0.
Example 2.3 In our AR(1) running example, we can immediately apply the result (2.1). From the calculations above, we find that the asymptotic variance of the l-th order autocorrelation of the residuals equals
This result is, of course, well-known and can be found, e.g., in Example 9.4.1 in Brockwell and Davis (1991) . Observe that this result does not depend on the actual underlying distribution of the innovations f . 2
Theorem 2.1 has been stated for univariate statistics T n (θ), but can easily be extended to the multivariate case using the Cramér-Wold device. For multivariate T n , τ 2 , c, and α in Condition (AN) become matrices. By taking arbitrary linear combinations of the components of T n and applying the univariate version of Theorem 2.1, we find that the same limiting distribution 2.1 holds with τ 2 replaced by the limiting variance matrix of T n , c the limiting covariance matrix between the statistic and the central sequence, and α the limiting covariance matrix between the statistic and the estimator used. This result can be applied when deriving, for instance, the limiting distribution of a two-stage estimator, i.e., where a model is estimated on residuals from a first-stage estimation, as shown in Example 4.4.
Power considerations
A question that arises naturally at this point is the effect on the power of a test when applying it to residuals instead of actual innovations. First of all, note that the limiting distribution of the residual test statistic in (2.1) does not depend on the local parameter sequence θ n . This implies that the statistic's distribution is invariant with respect to local changes in the underlying parameter θ. The test, consequently, has no local power against alternatives of this type, as should be.
Consider, however, the case where there is an additional parameter ψ in the model and we are interested in the (local) power of the residual-based statistic T n (θ n ) with respect to this parameter. The model now consists of a set of probability measures {IP (n) θ,ψ : θ ∈ Θ, ψ ∈ Ψ}. For ease of notation we assume that the original model is obtained by setting ψ = 0, i.e., IP
θ . As before, fix θ 0 ∈ Θ and consider the local parametrization (θ n , ψ n ) = (θ 0 + δ/ √ n, 0 + η/ √ n). Introduce the log-likelihood
, with respect to the parameter ψ. We are interested in the behavior of our test-statistic T n (θ n ) under IP (n) θ 0 ,ψn . Assume that Condition (ULAN) is satisfied jointly in θ and ψ. Moreover, assume the equivalent of Condition (AN) under ψ = 0, i.e., under IP (n) θn,0 and as n → ∞,
Here I P denotes the Fisher information for the parameter ψ with respect to which we are interested in establishing the local power of the statistic T n (θ n ), while I F P denotes the cross Fisher information between θ and ψ. The matrix B measures the covariance between the log-likelihood ratio with respect to ψ and the estimator for θ n . Consequently, this matrix measures the bias inθ n that occurs due to possible local changes in ψ. The special case B = 0 refers to the situation whereθ n is insensitive to local changes in ψ. This occurs, e.g., ifθ n is an efficient estimator for θ in a model where ψ is considered a nuisance parameter. The asymptotic mean of Λ (n) (ψ n |0) in (2.3) is a direct consequence of the fact that the limiting distribution is studied under (θ, ψ) = (θ n , 0). The derivations leading to Theorem 2.1 remain valid and can be carried out while taking into account the joint behavior of T n (θ n ) andΛ
θ n ,0 , one easily verifies for (T n (θ n ),Λ (n) (ψ n |0)) the following limiting distribution:
Applying Le Cam's third lemma once more, we see that the shift in the innovationbased statistic T n (θ) due to local changes in ψ is given by d T η, while the same local change in ψ induces a shift of size (d − Bc) T η in the residual-based statistic T n (θ). In the special case that B = 0, we thus find that the power against local changes in ψ in the residual-based statistic decreases, remains unchanged, or increases as the limiting variance under ψ = 0 increases, remains unchanged, or decreases, respectively. It may thus very well be the case that residual-based statistics have larger power against certain local alternatives than the same statistic applied to actual innovations.
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Main result: Formalization
The problem with studying the asymptotic behavior of T n (θ n ) is that arbitrary estimators (even if they are regular)θ n can pick out very special points of the parameter space. Without strong uniformity conditions on the behavior of T n (θ) as a function of θ (such as, continuous differentiability in some way), the residual statistic T n (θ n ) can behave in an erratic way. We solve this problem by discretizing the estimatorθ n . This is a well-known trick due to Le Cam, however, usually applied to the construction of optimal tests and estimators in ULAN models. We introduce this approach now and study the behavior of the statistic based on the discretized estimated parameter.
The discretized estimator θ n is obtained by rounding the original estimator θ n to the nearest midpoint of a regular grid of cubes. To be precise, consider a grid of cubes in IR k with sides of length d/ √ n. We call d the discretization constant.
Then θ n is the estimator obtained by taking the midpoint of the cube to which θ n belongs. To formalize the above even further, introduce the function
which arithmetically rounds each of the components of the input vector to the nearest integer. Then, we may write, with θ n our initial non-discretized estimator,
Our ultimate interest lies in the asymptotic behavior of T n ( θ n ).
We first study the behavior of θ n in the following lemma.
Lemma 3.1 Let the discretization constant d > 0 be given. Define the "discretized truth"
To deduce its limiting distribution, observe the following equalities of events, for fixed j
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From the Conditions (ULAN) and (AN), we find, under IP
, as δ n → δ, and as n → ∞, .2). From Le Cam's third lemma, this implies, under IP
. Together with the above result on the event δ n = dj , the lemma now follows. 2
The above lemma is basic to our formal main result that now can be stated.
Theorem 3.2 With the notation introduced above and under Conditions (ULAN)
and (AN), we have for δ n → δ and as n → ∞,
where
Proof: From the proof of Lemma 3.1, we know
Moreover, applying Le Cam's third lemma as in the proof of Lemma 3.1, we find under IP (n) θn+δn/ √ n and as n → ∞,
Taking these two results together, we get, for all j ∈ Z Z k and with the distribution (2.2),
The number of values that δ n takes in a bounded set, is finite. Consequently, we may write for each M > 0,
This completes the proof. 2
Remark 3.1 As the informal derivations in Section 3, the above proof is strongly based on a conditioning argument with respect to the value of the estimatorθ n , or, more precisely, that of the local estimation errorδ n . This leads one to believe that it is meaningfully possible to derive LAN conditions for conditional distributions, where the conditioning event is the value of the estimation error. The authors of the present paper have, however, not seen any results in this direction. 2 Theorem 3.2 utilizes the technique of discretization to avoid initial estimatorsθ n to pick out very unfortunate points of the likelihood. The same technique is applied usually in the construction of efficient estimators in parametric and semiparametric models. In practise, one would, of course, rarely implement it. We take the result (3.2) as an approximate limiting distribution for the residual-based statistic for large number of observations n and small discretization constant d. The accuracy of this approximation for finite samples is case specific. Many of the papers referenced in Section 4 provide simulation studies to assess this accuracy in particular situations.
Applications
Our results are applicable to cases where the underlying model satisfies the LAN condition. In the present section we work through several examples, showing the scope of our results. We concentrate on time series models to gain coverage of tests and conciseness of exposition while noting that cross-sectional models can be handled as well. The first class of statistics addresses residual-based tests for temporal dependence, both linear and non-linear (quadratic). In particular, we consider testing for linear and second order serial correlation in ARMA and regression models in Examples 4.1 and 4.2, respectively. After this, we extend these results to testing for non-linear dependence in the form of autocorrelation in squared residuals and linear dependence tests applied to residuals of an estimated scale model. Example 4.4 considers the case of estimating a GARCH model based on ARMA residuals. For reasons of robustness, applied work often uses rank-based statistics to test for serial correlation in residuals or in their squares. The fifth example focuses on this situation. The second class of examples considers goodness-of-fit tests for evaluating the innovations' distributional assumptions. There is a large class of empirical distribution function (EDF) goodness-of-fit tests (e.g., D'Agostino and Stephens, 1986) recently revisited for residuals of regression and time series models (see, e.g., Andrews, 1997 , Koul and Stute, 1999 , Koul, 2002 . Examples 4.6 and 4.7 revisit the asymptotic distribution of such residual EDF-based tests in location and scale time series, when the null distribution is completely specified and when it contains nuisance parameters. The approach followed in the paper yields asymptotic results that match those of Durbin (1973) and Bai (2003) , among others. The last example (Example 4.8) considers CUSUM tests for structural breaks in the innovations' distribution based on the ranks of residuals (compare Sen, 1984 , for the linear model). We present a new result on the asymptotic distribution of these statistics for scale models.
Example 4.1 Ljung-Box in ARMA/regression models with OLS residuals Consider a location model of the form 
As mentioned in the introduction, such a model satisfies the LAN property under the condition that µ t−1 (θ) depends smoothly on θ and the process satisfies some regularity conditions (see Drost et al., 1997, for details) . In particular, stationary and invertible ARMA models and linear regression models are allowed. In the latter case, µ t−1 (θ) depends on some observable exogenous variables X 1 , . . . , X n . The central sequence can generally be written as
where ε t (θ) := Y t − µ t−1 (θ) and where the Fisher information becomes
For notational convenience we assume stationarity here . We study in this example the Ljung and Box (1978) statistic which is based on l-th order residual autocorrelationsρ(θ; l) that satisfy, as we have seen,
The third and last ingredient that determines the behavior of the residual-based Ljung and Box (1978) statistic is the actual estimator used. Consider, for example, the standard least-squares estimator that satisfies
as n → ∞. In order to apply Theorem 2.1, we calculate
Note that in the present example we have α = Γc. This implies that the asymptotic distribution of the l-th order autocorrelation calculated on least-squares residuals is
(4.4) Note, once more, that decreased limiting variance does not depend on the density f of the underlying innovations, but through some standard moments. The Ljung and Box (1978) (or, for that matter, the Box and Pierce, 1970) statistic is based on a simultaneous comparison of the empirical autocorrelation at various lags. In order to derive the joint behavior ofρ(θ n ; l) for l = 1, . . . , L, Theorem 2.1 can be utilized in its multivariate extension as discussed in Section 2. This leads to the limiting distribution (4.4) above, with ε t−l replaced by the L-dimensional vec-
Restricting attention further to ARMA(p,q) model, we have
T , so that the limiting variance only depends on the autocorrelation structure. Completing the calculation and taking L → ∞ as n → ∞, one verifies readily that the limiting variance is approximately a projection matrix with trace L − p − q, which leads to the classical result as in, e.g., Brockwell and Davis (1991) . 2 Example 4.2 McLeod-Li in ARMA/regression models with OLS residuals Following up on the previous example, we consider the situation where we want to test for serial correlation in the squared innovations. The McLeod and Li (1983) statistic is based on the empirical autocorrelation of squared innovations which are given bŷ 
The actual form of α is easily obtained as well, but that need not concern us here as c = 0 implies that the limiting distribution of the residual-based statistic equals that of the innovation-based statistic, i.e., N (0, τ 2 ) = N (0, 1). The McLeod and Li (1983) statistic is based on L l=1ρ 2 2 (θ n ; l). Apparently, when applied to the residuals of a regression of ARMA model, the limiting distribution remains χ 2 L with no correction for pre-estimated parameters.
2 Example 4.3 Ljung-Box/McLeod-Li in scale models with QMLE residuals Tests for residual autocorrelation or squared residual autocorrelation are also often applied to the residuals of scale models. This situation occurs in financial modelling using ARCH-type processes or ACD-type models (Engle and Russell, 1998) . In general terms, the scale model can be written as 
As mentioned in the introduction, such a model satisfies the LAN property under sufficient regularity conditions. The central sequence for θ in these models reads
where ε t (θ) := Y t /σ t−1 (θ), while the Fisher information is given by
The most often applied estimator in these models is the QMLE estimatorθ n based on a imposed Gaussian distribution for the innovations ε t . In various more specific cases, this QMLE estimator has been shown to satisfy the asymptotically linear representation:
θn and as n → ∞. From this representation one immediately finds the asymptotic variance of the QMLE estimator as 8) with, as before, κ ε = Eε 4 t (recall that in this scale model we normalized Eε 2 t = 1). In order to find out the limiting distribution of the empirical l-th order autocorrelation of the residuals, or the squared residuals, we may use (4.2) and (4.5), to get the appropriate covariances in Condition (AN) for the Ljung and Box (1978) 
, as Eε t = 0 and Eε 2 t = 1. From c LB = 0, we find that applying the Ljung and Box (1978) statistic to residuals of a scale model estimated by Gaussian QMLE, does not lead to an adaptation in the limiting distribution, in particular not to a reduction of the number of degrees of freedom in the χ 2 distribution as in the classical ARMA case. For the McLeod and Li (1983) statistic the situation is quite different. No further simplification occurs and the limiting distribution of the individual squared autocorrelations is given by (2.1)
The result (4.9) is also derived in Berkes et al. (2003) for residuals of the GARCH(p,q) model (compare also ). They, however, pay much more attention to the primitive conditions needed so that, in our terminology, Condition (AN) is satisfied. Their Theorem 2.2 is the counterpart of (4.9) with the notation
, and
. Note that their Theorem 2.2 gives the limiting distribution of (κ ε − 1)ρ 2 (θ; l). 2 Example 4.4 Estimating GARCH on ARMA residuals As we have seen in Section 2, our results can also be used to derive the limiting distribution of a two-step estimator. To illustrate this, we assume that the Gaussian QMLE as in (4.7) for the scale model (4.6) is calculated on residuals of an ARMA model that has been estimated at the first stage using least-squares as in Example 4.1. In order to apply Theorem 2.1, note that the statistic of interest now is the Gaussian QMLE for the scale model, while the underlying model and estimator are as in Example 4.1. Consequently, we have that Γ is as in (4.3), while
and c are matrices in this case. Once more, the actual form of α, although it can be easily derived, is irrelevant as c = 0 implies that the limiting variance of the Gaussian QMLE applied to the residuals is the same as that applied to the innovations, namely τ 2 above. The asymptotic distribution of Lagrange multiplier (LM) tests that are based on such a two-stage approach, and examine, for instance, dependence and nonlinearity in the residuals of ARMA models, can also be considered in the above context. 2 Example 4.5 Rank test for residual autocorrelation One of the advantages of our approach is that we do not require differentiability of our test-statistic with respect to the parameter θ. This is particularly helpful when considering rank-based statistics since they are, by definition, not smooth in the parameter θ for given observations. To introduce the statistic, write R t (θ) for the rank of the t-th innovation ε t (θ) among all innovations ε 1 (θ), . . . , ε n (θ). Consider a rank-based test for l-th order autocorrelation r n (θ; l; g)
where g denotes some zero mean and unit variance reference density, with corresponding cumulative distribution function G and Fisher information for location
The so-called van der Waerden autocorrelations are obtained by taking g the standard normal density, while the logistic density leads to the Wilcoxon autocorrelations. Many more examples can be found in the overview of Hallin and Werker (1999) , which also gives the relevant asymptotically linear representations used below. The prime advantage of using rank-based autocorrelations is that they are insensitive to misspecification of the innovation distribution (since they are distribution-free), while they still may lead to semiparametrically efficient inference procedures (Hallin and Werker, 2003) .
Our interest lies in the behavior of the rank-based autocorrelation (4.10), when applied to residuals of some model estimated during a first-stage analysis. Let's consider the situation mentioned in the abstract of residuals of a scale model (like GARCH(2,2)) estimated using Gaussian QMLE. The relevant model is thus described in Example 4.3 and Γ is given by (4.8). In order to verify Condition (AN), an asymptotically linear representation is needed for the rank-based autocorrelation r n (θ; l; g). These results are well-known in the statistics literature and, assuming that the density g is strongly unimodal (i.e., −g /g is monotone increasing), we find r n (θ; l; g) = 1 n − l (u))]. With the above expressions, Theorem 2.1 can be applied directly. Note that the limiting distribution of the rank-based autocorrelations are not distribution free, i.e., depend on the underlying distribution F of the innovations. However, if both the true distribution F and the reference distribution G are symmetric about zero, one finds c =α = 0. In that case, c is zero and also the rank-based autocorrelation calculated on the residuals is asymptotically standard normally distributed.
2 Example 4.6 Goodness-of-Fit tests Next to testing for linear or non-linear dependence, one is often also interested in testing a particular distribution for the innovations ε t . Having standard Goodnessof-Fit tests in mind, we are, therefore, interested in the limiting distribution of the empirical distribution function of residuals. We consider the empirical distribution at a fixed point z ∈ IR first, i.e., the statistic of interest can be written as
For expository reasons, we consider residuals of an ARMA or regression model as in Example 4.1 only. Once more, the calculations to verify Condition (AN) are straightforward: 
